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A multiperiod mixed-integer nonlinear programming (MINLP) optimization model is
presented to schedule catalyst changeovers and determine the best operating policy for a
chemical process with decaying performance. Two solution strategies are proposed to
reduce the effect of nonconvexities and to reduce the solution time: (1) a search strategy
that relies on partitioning the time horizon and (2) a strategy that makes use of the
Generalized Benders Decomposition (GBD). Examples are presented for different time
horizons to illustrate the performance of the proposed methods. The same objective value
is reached with both strategies, which find better solutions than the full-space MINLP. For
small models, the GBD algorithm is faster than the partitioning search strategy, whereas
the latter method is faster for larger models. Comparison with the operating strategy used
in a real plant is also presented. © 2005 American Institute of Chemical Engineers AIChE J, 51:
909-921, 2005
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Optimal Production and Scheduling of a Process

zation

Introduction

The operation of chemical processes with catalysts having
decaying performance over time gives rise to a challenging
modeling and optimization problem (for example, see Xiong
and Jutan, 2003). As the catalyst activity decays over time,
process shutdowns for catalyst changeovers must be planned to
restore the process performance. It is therefore necessary to
develop a kinetic model that can predict the production, taking
into account the catalyst deactivation. Process operations are
optimized based on the deactivation and process economics.
The trade-off is between the high production rates achieved
from maintaining frequently renewed, high-functioning cata-
lyst loads, and the loss in production and maintenance costs
arising from catalyst changeovers.

Correspondence concerning this article should be addressed to I. E. Grossmann at
ig0c @andrew.cmu.edu.
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Catalyst deactivation has received attention with kinetic
studies at the reactor level (Ho, 1984; Kittrel, 1982) and at the
pilot-plant level (Krishnaswamy and Kittrel, 1979). Deactiva-
tion kinetic models are determined based on data sets consist-
ing of declining conversion at constant temperature or of in-
creasing temperature at constant conversion. Sapre (1997)
proposed an alternate technique where space velocity is ad-
justed to maintain constant conversion. This technique, at con-
stant temperature, gives more reliable rate information for both
the catalyst deactivation and the primary catalytic reaction. The
empirical kinetic models are used to determine the tempera-
ture—time relationship required under various process con-
straints to maintain constant conversion.

The development of optimization models for planning and
scheduling of chemical processes has received significant at-
tention over the last 10 years (Grossmann et al., 2002). The
problem of scheduling multiple feeds on parallel units with
decaying performance has been addressed by Jain and Gross-
mann (1998). This work considered a constant demand over an
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Figure 1. Discrete time representation.

infinite time horizon. Houze et al. (2003) formulated a multi-
period optimization model for the production and scheduling of
catalyst changeovers in a process with decaying performance
for short time horizons over which the demand varies. This
model is a nonconvex mixed-integer nonlinear programming
(MINLP) problem and therefore may lead to suboptimal solu-
tions. The model proposed later makes more extensive use of
disjunctive constraints and can handle much longer time hori-
zons. In addition, two solution strategies, partitioning and Gen-
eralized Benders Decomposition, are presented to tackle the
problem of nonconvexities and to reduce the solution time. The
efficiency of both strategies is discussed in the section on
numerical examples, where the examples are from a real-world
plant.

Problem Statement

We consider a chemical process involving the use of a
catalyst that has decaying performance with time. Conversion
can be adjusted by manipulating the reactor temperature and
the flow through the reactor. For the problem addressed in this
article, we assume that we are given:

(1) a fixed time horizon (several years)

(2) the maximum number of catalyst loads that can be used
over the time horizon

(3) the expected minimum and maximum life of a catalyst
load

(4) the time required to shut down the process, replace the
catalyst, and restart the process

(5) a kinetic empirical model that can predict the process
production, taking into account the catalyst deactivation

(6) process constraints for temperature, flow, and produc-
tion level

(7) inventory capacity

(8) costs for storage and changeover (variable seasonal pen-
alty)

(9) the cost and the amount of catalyst loaded in the reactor

(10) the net profit obtained by selling the product

(11) seasonal demand figures

The optimization model must then determine:

(1) the number of catalyst loads to be used within the given
time horizon

(2) the best time to schedule catalyst changeovers

(3) the best operating conditions for process parameters
(flow, temperature)

(4) the level of production and inventories at each time
period
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In the model presented here, the time required to shut down
the process, replace the catalyst load, and restart the process is
estimated to be one month. The full time horizon is divided into
monthly time periods. The discrete time representation consid-
ers changeovers as well as flow and temperature variations on
a monthly basis but the production level is estimated on a
weekly basis to take into account the catalyst deactivation
(Figure 1).

In addition, we assume that the product demands are not
necessarily met. The only constraint is that the sales in each
time period are less than or equal to the customer demand for
this period. We also assume steady-state operations for each
time period.

The chemical reaction involved in the process is of the
following form: A + B — C + D, where C is the desired
chemical product. Another compound X is fed into the reactor
to minimize the catalyst deactivation. The predictive produc-
tion model was determined using daily-averaged data from the
plant for the production (prod), the temperature (7), the flow,
the pressure (P), and the molecular ratios of component B to C
(B/C) and X to C (X/C). The kinetic model is similar to the one
presented by Houze et al. (2001). The general form of this
model (KM) is the following

—FEa

nb X nx
prod = K-exp| —- | *flow” - P\ =] |=| -Act
d RT . pre C C A (KM)

Here Ea is the activation energy, R is the perfect gas constant,
and Act is the catalyst activity described by a first-order deac-
tivation (DM) in the following differential equation

dAct

————= —kd- Act
d catage

(DM)

The catalyst age (catage) used in this relationship is estimated
by the cumulative production.

The kinetic parameters (K, Ea, nf, np, nb, nx, and kd) are
determined with a nonlinear regression by the least-squares
minimization. The fit-to-plant data (R*> = 0.847) is illustrated in
Figure 2.

The problem involves optimizing the process over all time
periods and has as an objective to maximize the profit subject
to constraints. Constraints include inventory balance, process
requirements, kinetic equations, linking constraints, and logical
relationships between decision variables. These decision vari-
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Figure 2. Fit-to-plant data.

ables are binary variables essentially used to state which cat-
alyst load is used at a particular time period and when the
changeovers occur. Constraints are both linear and nonlinear,
whereas variables are discrete (binary decision variables) and
continuous (production, flow, temperature, etc.).

The optimization model is first formulated as a disjunctive
multiperiod model (Raman and Grossmann, 1994) before being
converted into an MINLP problem (Grossmann, 2002). This
model is presented in the following section.

MINLP Model

Consider optimizing the process described in the previous
section over time periods (months) i = 1- - -nm + 1. A general
model for the production and the scheduling optimization of
such a process with decaying performance can be formulated as
will be described below. We first define the sets, parameters,
and variables. Then, background for the conversion of disjunc-
tions into mixed-integer constraints is given before the optimi-
zation model itself is presented.

Definitions

Sets

I = set of time periods (months)
W = set of weeks
C = set of catalyst loads
Indices

i = time period inset / (i = 1---nm + 1)

w = week in set W (w = 1---4)

¢ = catalyst load in set C (¢ = 1- - -ncl)
Parameters

P’” = weekly production lower bound
P = weekly production upper bound
difP = weekly production increasing and decreasing bound
T" = temperature lower bound
T = temperature upper bound
increaseT = temperature increasing rate upper bound
difT = temperature decrease lower bound
flow' = flow lower bound
flow"” = flow upper bound
Vol = catalyst load

c

C, = catalyst load ¢ cost

c

pen; = changeover penalty during period i
VM = net profit
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Cs; = monthly storage cost
stock'” = inventory level lower bound
stock"” = inventory level upper bound
stock = initial inventory level
demand; = monthly demand figures
B = penalty coefficient for unmet demand
minlife = minimum life of a catalyst load (months)
maxlife = maximum life of a catalyst load (months)
nm = number of months in the time horizon
nml = nm + 1
ncl = number of allowed catalyst loads over the time horizon
Continuous Variables

Pw, .. = production obtained in period i, week w with catalyst load ¢
Pm; . = production obtained in period i with catalyst load ¢
penalty; . = production loss in period i arising from catalyst load c

changeover
CP,,,. = cumulative production for catalyst load ¢ in period i and
week w
catage; ,, . = catalyst load ¢ age in period i, week w

p; = production obtained in period i
stock; = inventory level in period i
sales; = sales in period i
unmetD; = unmet demand in period i
T; . = reactor temperature in period i for catalyst load ¢
flow, = flow in period i
Tcused, = last month of use for catalyst load ¢
[Note that all these continuous variables are defined as non-
negative variables.]

Binary Variables

u, = catalyst load ¢ changed before i = nm
¥;. = catalyst load ¢ changeover in period i
z;. = catalyst load c used in period i

a;. = used to define z;
i = used to define z; .
Background

Binary variables appear in several disjunctions (sets of con-
straints of which at least one is true) involving continuous
variables x (Raman and Grossmann, 1994). They are repre-
sented here with the use of logic operators OR (\/) and NOT
(—) as follows

Zic e V .
hi,(:(x) = 0 \/ Bi,cx = 0 b €

The above representation can be interpreted as follows: if
catalyst load c is being used during period i (z;. = 1, thatis, z; .
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Figure 3. Binary variables definition.

is True), then enforce process constraints h; .(x). If catalyst load
c is not being used during period i (z; . = 0, that is, z; . is False),
a subset of continuous variables is fixed to zero through the
matrix B; .

These disjunctions are converted into mixed-integer con-
straints by using the “big-M” or the convex hull formulations.
The “big-M” formulation introduces a big parameter M in the
inequalities. M enforces the inequality if the corresponding
binary variable equals 1 and renders it redundant otherwise.
The convex hull formulation (Balas, 1985) requires disaggre-
gating continuous variables to have a variable for each term in
the disjunction. The convex hull yields a tighter formulation
than the “big-M” formulation but introduces more variables
into the model (Turkay and Grossmann, 1996). In the proposed
model, the “big-M” formulation is used when the disjunction
involves the nonlinear kinetic model (Pweek;,, ). The convex
hull is used in the other disjunctions if an improvement is
observed.

Model

We will first describe the constraints related to process
decisions and the corresponding logical relationships before
providing the process constraints. In the following, unless
specified otherwise, all disjunctions and equations are defined
for time periods, i = 1- - -nm, and for up to ncl catalyst loads.

The binary variables are defined in reference to the contin-
uous variable Tcused,. This variable is equal to the value of i
during the last month of use of catalyst load ¢ before its
changeover. The dummy period nm + 1 is a device for the
formulation. By convention, when a catalyst load c is not used
during the given time horizon, the corresponding Tcused,. is set
to nm and the changeover occurs during the dummy period nm
+ 1.

The binary variable u,, defined by disjunction (D1), is true
(=1) if the catalyst load c is used and replaced before the end
of the time horizon (Tcused,. = nm — 1). Otherwise, Tcused,. is
set to nm when u, is false (=0). The convex hull formulation
is given by Egs. 1 to 3

—U,

u,
[Tcusedc =nm — 1] Vv [Tcusedt = nm] (D)

Tcused, = Tcusedl, + Tcused?. (1)
Tcusedl, < (nm — 1) - u, 2)
912 March 2005

Tcused2.=nm- (1 — u,) 3)

Equation 4 states that catalyst load ¢ + 1 is used after
catalyst load ¢ and Eq. 5 ensures a minimum life for a catalyst
load ¢ between two consecutive changeovers (such as several
months)

Y c<ncl 4)

U = Uty

Y ¢ <ncl
()

Tcused,., = Tcused, + minlife - u,

Figure 3 illustrates how binary variables y; ., z; ., a;., and b, .
are defined using Tcused..

The binary variable y; . is used to identify in which period a
changeover will occur. y; . equals 1 when catalyst load ¢ is
being replaced during period i and 0, otherwise. y; . is related to
Tcused, with a sum (Eq. 6)

i=nm+1

Teused,= Y, [(i—1)-y,.]

i=1

(6)

Equation 7 ensures that there is at most one changeover per
time period. Equation 8 states that there is one changeover per
catalyst load (including dummy time period i = nm + 1), and
Eq. 9 states that this changeover occurs before the end of the
time horizon if the corresponding u,. equals 1

c=ncl

> vie=1 (7
c=1
i=nm+1
> vie=1 (8)
i=1
9)

2 Yie = Ue
i=1

The binary variable z; . is used to identify those periods i
over which the reactor operates with catalyst load c. z; . equals
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1 when catalyst load c is being used or changed during period
i, and equals 0, otherwise. z;,. can be defined directly by
disjunction (D2) for the first catalyst load (¢ = 1) but for the
following ones (¢ > 1), we need two auxiliary binary variables
a;. and b; . to define z; .. a;. equals 1 for all periods i after
catalyst load c-1 changeover and 0, otherwise. b, . equals 1 for
all periods i before the use of catalyst load ¢ + 1 and O,
otherwise. Then, z; . equals 1 when both a, . and b; .equal 1. a, .
and b; . are defined with disjunctions (D3) and (D4), respec-
tively. The “big-M” formulation is used to convert disjunctions
(D2), (D3), and (D4) into mixed-integer constraints (Eqs. 10—
15) because no improvement is observed with the convex hull

i=Tcused, +2 — nm2-b,, Ve>1 (15)

l—a,.+1-b, +z,.,=1 Ve>1 (16)

Equation 17 states that only one catalyst is being used or
changed during a time period. Equation 18 enforces at least one
Z;. to be equal to 1 if the corresponding catalyst is used and
changed before the end of the time horizon (u, = 1). Equation

19 ensures the maximum life of a catalyst load ¢

c=ncl

formulation. Here, the parameter M (nm2) is equal to nm + 2. D =1 (17)
This value gives the tightest possible relaxation. Equation 16 =1
enforces the logical relationship a; . A b;. = z;,.
i=nm+1
Zic e =1 2 Zic = Uuc (18)
i = Tcused, + 1 Vii= Tcused, + 2 €= i=1
(D2)
i =Tcused, +1+nm2-(1-z,) c=1 (10) 2 2o = maxlife + 1 (19)
i=1
| = T d.+2—nm2-z, =1 11
! cused TS " Zic ¢ an The constraints that apply on the weekly production and the
temperature when a catalyst load ¢ is used or not during a
a; —da;. . . .. . . .
. be \/ [ e ] Ve>1 period i, are represented by disjunction (DS5), which is con-
[l = Teused,, + 2] i = Tcused., + 1 verted into mixed-integer constraints using the “big-M” formu-
(D3) lation (Eqs. 20-30). Here, we use the weekly production upper
bound (P*?) and the temperature range (7 — T°) for the
i = Teused,, +2 —nm2-(1 —a,,) Vel parameters M. These values give the tightest possible relax-
' 7 ation. When the catalyst load c is being used or replaced during
(12) period i, the corresponding weekly production is estimated
' from the predictive production model (Eqgs. 20 and 21). The
i =Tcused., + 1+ nm2-a Ve>1 13) weekly production and the temperature are forced to stay
between their bounds (Egs. 22 and 23 for the production, Eq.
b, =b;, Ve 1 28 for the temperature) and some constraints apply on their
i = Tcused, + 1 Vii= Tcused, + 2 ¢ increasing and decreasing rates from one month to the follow-
(D4) ing one (Eqs. 24-27 for the production, and Eqs. 29 and 30 for
the temperature). Otherwise, when the catalyst load ¢ is not
. being used or replaced during period i, the weekly production
i = Teused, + 1+ nm2- (1 = by,) Ve>1 is fixed to zero (Eq. 22) and the temperature is fixed to its lower
(14) bound (Eq. 28).
Zi,c
Pwi,w,c = f( Ti,(" flOW,-, catageiw,c)
Plo = Pwiw . = pw
_dl‘ﬂ) = Pwi,w+l,c - Pwi,w,u = dlfP V w< 4 _'Zi,(
Wi _ . \/ Pwi,w ¢ 0 (DS)
[yi‘c] \/ |i_dlfp = Pwi+l,wl,u - Pwi,w,z' = dlfP:| W= 4 V ! < mn 7114 = T"U
T°<T, <Tv
Tiv.— T, = increaseT Yi<nm
L T,. =T, —difT Vj<i -
Pwi,w,c Sf(Ti,cr flOWi, Catagei,w,r) + Pu[) : (1 - Zi,c) (20) PWLW,c . Pup : Zi,c (22)
Pwi,w,c Zf(]wi,c: flOW,-, Catagei,w,c) - Pup : (l - Zi,c) (21) Pwi,w,c = PID - Pup : (l - Zi,c) (23)
AIChE Journal March 2005 Vol. 51, No. 3 913



PWi,w+l,c - Pwt}w,c = dlfP + Pup, (] - Zi,c) V w < 4
(24)
PWi,w+],L' - PWi,w,c = _dlfP - Pup : (] - Zi,(:) V w < 4
(25)
PWHI',WI’,C - Pwi,w,c = dlfP + P (] - Zi,c + yi.c-)
w=4 Yi<nm (26)
Pwi+l',wl',v - Pwi,w,c = _dlfp - Pup : (1 - Zi,c + yi,c)
w=4 Yi<mm 27)
T =T+ (T~ T9) -z, (28)
Tivio— T;.=increaseT* z;, Vi<nm (29)
T =T, —diff — (17— T%-(1 ~z,)  Vj<i
(30)

Note that the following bounds are fixed in the model inde-
pendent of the value of the binary variables

0= Pwi,w,c =p? (31)

=T, <T" (32)
The temperature lower bound 7% allows reduction of the num-
ber of constraints needed to derive disjunctions (D5) above and
(D7) in the following.

Disjunction (D6) estimates for each catalyst load the loss in
production arising from a changeover when y; . equals 1 and
the monthly production obtained otherwise when there is no
changeover (y; . = 0). This production is nil if z; . = 0 for the
corresponding time period (Pw;,, . = 0). The derivation of the
convex hull is given by Eqgs. 33 to 37

Vie Vie
|:penalty[ﬁc = E Pwi,w,c Pmi,c = E Pwi,w,c]

V
(Do)
Pmonth;,, = >, Pw,,.= Pml, .+ Pm2,,  (33)
Pml;,,<4:-P%-y,. 34)
Pm2;.=4-P"-(1 —y,,) (35)
penalty;. = Pml,;, (36)
Pm;.= Pm2,, 37

Note that the weekly production upper bound P*” is multiplied
by 4 to obtain the monthly production upper bound.
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The last disjunction (D7) enforces the initial temperature just
after a changeover. This disjunction is converted into mixed-
integer constraints with the convex hull formulation (Egs.
38-40)

yi,c

[T[Hﬁl =T Vi<nm Ve< ncl] V [y
(D7)
Tivrer1 = Tl + 12400004 Vi<nm V¢ <ncl
(38)

Tl e =Ty, Vi<nm Y ¢ < ncl

(39)

T2 =T7- (1 = y;.) Vi<nm Ve <ncl
(40)

We need additional constraints to estimate the cumulative
production (Eq. 41) used to define the catalyst age (Eq. 42)
appearing in the production model, the monthly production
(Eq. 43) used in the inventory balance (Egs. 44a and 44b), and
the unmet demand (Eq. 45) appearing in the objective function

CPi,w,(: = E Pmip,c + 2 Pwi,wp,c (41)
ip=i wp=w
CPi,WA,(‘ 42
Catagei,w.f - Volc ( )
pi= 2 Pmy, 43)
stockQ + p; = stock; + sales; i=1 (44a)
stock;_, + p; = stock; + sales; Vi>1 (44b)
unmetD; = demand; — sales; (45)

Finally, the following bounds are provided for the sales, the
inventory, and the flow through the reactor

sales; = demand, (46)
stock’ < stock; = stock™ 47)
flow" = flow; =< flow" (48)

The inventory lower bound (stock’) is identical for all periods
of the time horizon except the last one. Indeed, it may be worth
providing a higher value at the end of the time horizon because
the model does not consider the future changeovers or demand
variations. The value of this inventory lower bound at the end
of the time horizon can be determined by studying the inven-
tory cyclic profile in the results of the optimization model
without a specific last inventory level lower bound.
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Figure 4. Partitioning search strategy.

Based on the above definitions and constraints, the objective
function for minimizing the negative of the profit (that is,
maximizing the profit) is given below. The profit is equal to the
income from the sales minus costs for storage and changeover,
and a penalty for unmet demand. The objective is subject to all
the constraints previously defined

min — VM E sales; + B+ VM E unmetD;
i=1 i=1

i=nm c=ncl c

+ > pens 2 vio| +

i=1 c=1

ncl i=nm

(Ce.-u) + Y (Cs;- stock;)

i=1

o
Il

s.t. Eqs. 1-48

Solution Strategies

In contrast to the model developed by Houze et al. (2001) for
shorter time horizons, the proposed model can handle much
longer time horizons because it involves fewer “big-M” con-
straints and incorporates the convex hull of some of the dis-
junctions (D1, D6, and D7). However, the resulting MINLP has

3 catalyst life > maxlife

two computational difficulties. The first is that the nonlinear
kinetic equations introduce nonconvexities into the model, and
therefore this can lead to suboptimal solutions. To overcome
this problem, we propose a search strategy that partitions the
time horizon of the multiperiod problem. In addition to this
difficulty, the MINLP becomes very large as the number of
time periods increases because the number of constraints and
variables increases with each additional time period. To tackle
this problem we propose to use the Generalized Benders De-
composition (Geoffrion, 1972). Both solution strategies are
presented in the next two sections.

Partitioning search strategy

The optimization model is not convex; therefore, finding the
global optimum cannot be guaranteed. DICOPT, the MINLP
solver used in the modeling system GAMS (Brooke et al.,
1998) may find suboptimal solutions depending on the initial
point provided. This solver makes use of the outer-approxima-
tion (OA) algorithm (Duran and Grossmann, 1986;
Viswanathan and Grossmann, 1990), which involves iterating
between a nonlinear programming (NLP) subproblem where
the binary variables are held fixed and a mixed-integer linear
programming (MILP) master problem where the model is
linearized at the NLP solution point. To avoid using determin-
istic global optimization methods we propose a search strategy
that partitions the time horizon of the multiperiod problem.
Although not rigorous, it requires much less computational
effort than a rigorous global search and often yields near global
optimum solutions.

The basic idea is to divide the full time horizon into one-year
intervals. The strategy constitutes two steps:

Step 1. Solve MINLP subproblems with DICOPT for se-
lected intervals. The changeovers are forced to occur within
those selected intervals. All possible intervals considering the
minimum and maximum life of a catalyst load are successively
tested (Figure 4). A local optimum is found for each selection.
For two or more changeovers, the enumeration of intervals
must be performed in a tree search to account for combinations
of intervals over which the changeovers may occur (Figure 5).

Step 2. The optimum solution is selected as the best one
over the intervals of terminal nodes in the tree search.

Level 1: I** changeover
Teused, (months interval)

~

A

Level 2: 27 changeover
Tcused, (months interval)

72-84

Tcused ,=84 if 3" catalyst not needed

Figure 5. Tree search.
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Chose y! for the first NLP
v

Solve reduced NLP1 for fixed yk
( — continuous variables)

v

Solve full-size NLP2 for fixed yk
( = xk, ukand UBD)

v

Solve MILP for fixed xk
( - y*and LBD)

MILP feasible
i.e: LBD<UBD

yes

STOP
Figure 6. Steps of GBD algorithm.

Figure 4 illustrates the partitioning of the time horizon for
the case of two catalyst loads and one changeover. The black
dots represent the local optima found for each interval where
the changeover is forced to occur. In this example, the global
optimum corresponds to a changeover during the fifth year.

When we have more than two catalyst loads, and thus two or
more changeovers, the combination of intervals is generated
with a tree where each terminal node is enumerated and its
corresponding subproblem solved. Figure 5 illustrates the tree
when we consider three catalyst loads over a 7-year time
horizon (84 months). The minimum life for a catalyst load is 1
year (12 months) and its maximum life is 4 years (48 months).
The structure of the tree is as follows. Level 1 contains the
intervals to be tested for changeover of the first catalyst load.
The second level is for changeover of the second catalyst load
and so on. The circle and square nodes represent all the tested
intervals for Tcused,., the last months of use of catalyst loads c.
The corresponding changeovers occur during the following
month. The triangle nodes represent examples of the intervals
that are not tested because of the maximum or minimum
catalyst life. This tree search does not require use of the three
available catalyst loads. If the third catalyst load is not neces-
sary, this solution will be found at the square node. In that case,
the last month of use of catalyst load 2 is scheduled during the
last period of the time horizon (Tcused, = 84) and the second
changeover does not occur (it is scheduled during month 85).
Note that in the tree search of Figure 5, a total of eight
subproblems must be solved.

Generalized Benders Decomposition

The algorithm presented in Figure 6 consists in solving
successively an NLP subproblem in two steps providing an
upper bound (UBD) and an MILP master problem providing a
lower bound (LBD). Consider that the MINLP presented ear-
lier is written as follows

916 March 2005

min Z = ¢"y + flx)

st. h(x)=0
gx)+Ay=0
By=»b
y={0,1}"
x€X={xDx=d, x* =x=x"}

The NLP subproblem corresponding to this MINLP with fixed
binary variables is as follows

min  Z = cy" + fix)

st. h(x)=0
g + Ay =0 - pt
xeX

Note that the logical relationships (By = b) between binary
variables are not needed and that Lagrange multipliers u* are
obtained to derive the cuts in the MILP master problem. When
all binary variables are held fixed, the value of the continuous
variable Tcused, is also fixed. Therefore, all the constraints
involving only Tcused,. and binary variables can be suppressed
from the NLP subproblem. To save computational time, this
simplified version, NLP1, is first solved to find the continuous
variables’ optimal values (x*), which are provided as the initial
point to solve NLP2, the complete NLP. It is necessary to solve
NLP2 to obtain all the Lagrange multipliers u* used to define
the Benders cut in the master problem. NLP2 includes Eqgs.
1-3, 5, 6, 10-15, and 20—48 from the initial MINLP, whereas
NLP1 includes only Eqgs. 20-48. Equations 1-3, 5, 6, and
10-15 are not needed for NLP1 because they involve only
Tcused,. and binary variables as explained previously. In addi-
tion to the Benders cuts defined with fixed x* and yf‘, the MILP
master problem given below includes the integer constraints
from the initial MINLP. To strengthen the lower bound, it also
contains all linear constraints from the initial MINLP. It helps
to find a feasible integer solution for the NLP subproblem

Z = min «

st. a=cly + fixr) + (W) g(x) + Ay] k=1,2---K
a=UBD"' —¢
By=»b
a=cy+ flx)
Dx+Ey=d
yeE{0, 1}, xEX, a €N!

} additional constraints

where Dx + Ey = d is the set of linear constraints from the
initial MINLP.
The algorithm stops when the lower bound given by the

Table 1. Example 1: Comparison between the Empirical
Strategy and Optimization Results

Empirical Strategy Optimization
Changeovers 2 1
Profit 127.502 137.761
Storage cost 11.842 8.193
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Figure 7. Empirical strategy, inventory balance.

master problem exceeds the upper bound given by the NLP
subproblem.

Numerical Examples

The performance of both solution strategies is tested with
two examples presented in this section. The results of the first
example are compared with the empirical strategy used at the
plant. Finally, the computational results are compared between
the proposed methods and the simultaneous solution obtained
by solving the full-space MINLP with the OA algorithm. For
confidentiality reasons, the objective function value (profit) is
reported in dimensionless form.

The examples were implemented and solved on GAMS 21.1
(Brooke et al., 1998) with an Intel P-4, 2.4-GHz processor with
512 MB of RAM. The code CPLEX 8.1 was used for solving
MILP problems and CONOPT3 for the NLP subproblems.

Example 1: comparison with current strategy

In this section, we can compare the optimization results with
the empirical strategy currently used at the plant to show the
improvement that can be made by using the multiperiod
MINLP model. The empirical strategy consists in maintaining
a constant conversion by increasing the reactor temperature.
The catalyst load is replaced when the production starts to
decrease significantly.

In this first example, we consider a 74-month time horizon.
Table 1 and Figures 7 to 10 illustrate the comparison between
the empirical strategy and the optimization results. The empir-
ical strategy performs two changeovers and the corresponding
profit is about 127.5. By contrast, the optimization model
schedules only one changeover and the profit is significantly
higher at 137.8. This difference in the profit value is attributed
to the number of changeovers and the storage cost.

Inventory balance
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0.8 4

sales

dimensionless units

------- inventory

X unmet
demand

I changeover

time (months)

Figure 8. Optimization results (Example 1), inventory balance.
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Figure 9. Empirical strategy, operating conditions.
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Figure 10. Optimization results (Example 1), operating conditions.

dimensionless units

Inventory balance

———— production
e N sales
SR .
ST B WA IR B N TP EE inventory
U : U U : X unmet
A demand
[ Vi o
Ll v Ty ¥ FEEY L i1 Il changeover
N3 N A1 A1 \r w v
0 12 24 36 48 60 72 84 96 108

time (months)

Figure 11. Inventory balance (Example 2).

March 2005 Vol. 51, No. 3

AIChE Journal



Operating conditions
12
2 production
‘€
3
- P R A A N 4 A S 2 VAL B PR flow
2
c
-% temperature
c
[
E Il changeover
-
0 12 24 36 48 60 72 84 96 108
time (months)
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Table 2. Model Sizes
Number of Discrete Continuous Nonlinear
Example Catalyst Loads Time Periods Variables Variables Constraints Nonzeroes
1 2 74 334 3,717 12,596 3,552
2 3 108 816 8,013 33,230 7,776

The production, inventory, temperature, and flow profiles
shown in Figures 7-10 for both cases provide an explanation of
the results shown in Table 1. These profiles look quite different
because the empirical strategy does not take into account the
seasonal demand figures and the storage cost. The production
level predicted by the optimization model follows the seasonal
demand variations thanks to the optimal process conditions for
temperature and flow (Figure 10). In particular, the production
level is reduced during the low demand seasons but at a level
that ensures that the sales can continue during the shutdown
period. With the empirical strategy, a slowly increasing tem-
perature maintains the production approximately constant (Fig-
ure 9). Consequently, the average inventory level (Figure 8) is
higher than that obtained after optimization (Figure 7) because
the production level is too high during the low demand season.
In addition, the catalyst loads are used more quickly. By
contrast, the optimization model manages to save production
capacity during the low demand seasons and then to increase
the catalyst life compared to the empirical strategy.

Example 2

Example 2 considers three catalyst loads over a 9-year time
horizon. The optimization results are shown in Figures 11 and
12, which provide the corresponding production, inventory,
sales, temperature, and flow profiles. There is no unmet de-
mand in this case; the sales are equal to the demand figures for
each time period. The cycles observed for the production and
the inventory levels are attributed to the fact that the production
level follows the seasonal demand variations (Figure 11). In
addition, the inventory level increases before the two
changeovers to meet the demand during the shutdown period.
In that case, there is no specific lower bound for the inventory
level at the end of the time horizon (Eq. 47). Then, there is a

AIChE Journal March 2005

Table 3. Example 1: Two Catalyst Loads over a
74-Month Time Horizon

CPU
Solution  Changeover Time
Strategy (period) Profit (s) Iterations/Subproblems
Simultaneous 37 137.688 93.80 4 major iterations (DICOPT)
Partition 36 137.761 132.95 4 subproblems
GBD 36 137.761 58.36 10 major iterations

bound effect at the end of the time horizon because the model
does not consider the following changeover, which we can
predict. As for the first two loads, the inventory level should
increase at the end of the time horizon. This problem is avoided
by increasing the last inventory level lower bound. The value
of this inventory lower bound at the end of the time horizon can
be determined by studying the inventory cyclic profile in the
results of the optimization model without this specific last
inventory lower bound.

The optimal operating conditions for temperature and flow
(Figure 12) are quite similar but not identical for the first two
cycles. They lead to the same production profile because sev-
eral combinations of temperature and flow can produce exactly
the same level of production. Adding some constraints on the
flow or the temperature avoids these differences, but in that
case the model is more restrictive. The third cycle is somewhat
different because of the bound effect.

Computational results

Finally, we will compare the results obtained with both
solution strategies and by solving the full-space MINLP for the
two examples presented in the previous sections. Table 2
compares the size of both models. The number of constraints
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Table 4. Example 2: Three Catalyst Loads over a 108-Month Time Horizon

Solution Changeovers CPU Time

Strategy (period) Profit (s) Iterations/Subproblems
Simultaneous 48 — 191.771 351.35 3 major iterations (DICOPT)
Partition 36 72 200.370 1880.06 15 subproblems
GBD 36 72 200.370 3369.80 54 major iterations
Table 5. Example 1: Partitioning Search Strategy pared to 3369.8 CPUs for the GBD algorithm. This is explained

Teused Interval  Changeover Major CPU Time by the number of iterations required to make the GBD algo-

(period) (period) Profit  Iterations (s) rithm converge: 54 iterations are needed for Example 2 com-
18-30 25 136.65 2 35.64 pared to only 10 for Example 1. Indeed, with three catalyst
30-42 36 137.76 5 303 loads (Example 2), the number of binary combinations is quite
42-54 48 135.03 5 33.25 high and the algorithm adds only one cut at each iteration.
54-66 59 124.45 5 33.76 For this second example the simultaneous solution is much

and variables (continuous and discrete) in the second example
is about twice that in the first one.

The partitioning search strategy and the Generalized Benders
Decomposition lead to the same objective for both examples.
The solution is slightly better than the simultaneous solution in
Example 1 and significantly better in Example 2. The simul-
taneous solution was obtained by solving the full-space MINLP
with DICOPT. In addition, the GBD algorithm was tested with
all possible binary combinations to initialize the first NLP. The
same solution is always obtained but the number of iterations
and the solution time required to converge vary slightly. There-
fore, both strategies seem to yield the global optimum, al-
though there is no rigorous guarantee.

The efficiency or solution time of both methods depends on
the model size. For small models (Example 1, Table 3), the
GBD algorithm is faster. It is twice as fast as the partitioning
search strategy (58.36 CPUs compared to 132.95 CPUs), and it
is even faster than the simultaneous solution (93.80 CPUs),
which leads to a slightly worse objective function value. In-
deed, both the partitioning search and GBD solution strategies
schedule the changeover during period 36 to reach a profit of
137.761, whereas the simultaneous solution schedules the
changeover during period 37 to reach a profit of 137.688.

When we consider larger models (Example 2, Table 4), the
partitioning search strategy is much faster than the GBD algo-
rithm. Solution of Example 2 takes only 1880.06 CPUs com-

faster because it requires only 351.35 CPUs, although it gives
a solution that has lower profit than the other two solution
strategies (191.771 vs. 200.37). The simultaneous solution
schedules only one changeover during period 48 to reach a
profit of 191.771, whereas the other two methods schedule two
changeovers during periods 36 and 72 to reach a profit of
200.370, which is substantially higher. Therefore, although
both the partitioning search and GBD strategies require more
computational effort, they provide higher-quality results.

Finally, Tables 5 and 6 show the results of the partitioning
search strategy for both examples. The minimum and maxi-
mum life of a catalyst load are 18 and 60 months, respectively.
For each of the tested intervals, the tables provide the
changeover period, the corresponding profit, the number of
major iterations needed to solve the model, and the solution
time. The results show how the profit decreases when the
changeover periods depart from the best solution. In addition,
the number of intervals to test is of course much higher when
more than one changeover is considered. Indeed, we need to
test only four intervals in the search strategy for Example 1,
which considers only one changeover; however, 15 tests are
necessary for Example 2, which considers up to two
changeovers.

Conclusions

A multiperiod mixed-integer nonlinear programming model
has been proposed to optimize process operations and to sched-

Table 6. Example 2: Partitioning Search Strategy

Changeovers
Tcused, Intervals (period) Major CPU Time
Ist Catalyst 2nd Catalyst cl c2 Profit Iterations (s)
18-30 36-48 24 49 190.92 4 160.31
48-60 24 61 199.17 4 101.66
60-72 25 61 199.25 4 92.87
72-84 25 73 197.61 5 138.1
30-42 48-60 36 61 199.27 4 120.02
60-72 36 72 200.37 4 139.12
72-84 36 73 200.3 4 115.23
84-96 37 85 197.38 4 107.28
42-54 60-72 48 72 197.77 5 144.22
72-84 48 73 197.78 4 115.5
84-96 48 85 197.55 4 128.08
96-108 48 97 194.05 5 121.22
54-66 72-84 59 84 187.22 4 129.19
84-96 59 85 187.21 5 169.61
96-108 59 — 189.89 4 97.65
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ule catalyst changeovers in a process with decaying perfor-
mance. Based on seasonal demand figures, the model optimizes
the reactor temperature, the flow through the reactor, and the
inventory level, and schedules the shutdowns to replace the
catalyst. Two solution strategies, a partitioning search strategy
and Generalized Benders Decomposition, were developed to
reduce the effect of nonconvexities and to reduce the solution
time. Two examples from a real-world plant process have been
solved using the proposed methods. Numerical results have
illustrated the improvements achieved by using the optimiza-
tion model compared to the empirical strategy used at the plant,
and the benefits of applying the proposed solution strategies.
The partitioning search strategy was faster than the Generalized
Benders Decomposition for the large example, but for the
smaller example this trend was reversed.
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